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CURVES WITH CANONICAL MODELS ON SCROLLS
DANIELLE LARA, SIMONE MARCHESI, AND RENATO VIDAL MARTINS
Abstract. Let C be an integral and projective curve whose canonical model
C′ lies on a rational normal scroll S of dimension n. We mainly study some
properties on C, such as gonality and the kind of singularities, in the case
where n = 2 and C is non-Gorenstein, and in the case where n = 3, the scroll
S is smooth, and C′ is a local complete intersection inside S. We also prove
that a rational monomial curve with just one singular point lies on a surface
scroll if and only if its gonality is at most 3, and that it lies on a threefold
scroll if and only if its gonality is at most 4.
Introduction
In the late 1910’s, F. Enriques proved in [En] that a nonhyperelliptic smooth
canonical curve is the set theoretic intersection of hyperquadrics, unless it is trigonal
or isomorphic to a plane quintic. Nearly two decades later, this result was also
showed by D. W. Babbage in [B]. In the early 1920’s, K. Petri obtained a thourough
description of the canonical ideal in terms of equations. As presented in [ACGH,
p. 131], the so called “Petri’s analysys of the canonical ideal” follows Enriques’
division into cases, and is based on M. Noether’s dimension counts on the glogal
sections of the canonical sheaf [N]. So these statements on a canonical curve are
sometimes known as Noether-Enriques-Babbage-Petri Theorem.
It can be read off from them a well known geometric characterization of trigonal-
ity: a nonhyperelliptic smooth integral and projective curve is trigonal if and only
if it is isomorphic to a canonical curve which lies on a nonsingular two-dimensional
rational normal scroll; moreover, the g13 that computes the gonality of the curve is
cut out by the ruling of the scroll.
Actually, the same statement above holds for (possibly singular) Gorenstein
curves as well, just observing that the dualizing sheaf of any such a curve is a
bundle. So, later on, in [RS], R. Rosa and K.-O. Sto¨hr devoted their study to the
case where the scroll is singular, i.e., a cone. It turned out that they got similar
results which perfectly matched the known ones. The additional hypothesis they
made was that the linear series could admit non-removable base points. This was
because canonical (Gorenstein) curves lying on a cone necessarily pass through the
vertex and the ruling of the cone cuts out a g13 . In other words, the vertex cannot
be removed, otherwise the curve would be hyperelliptic.
A way of formalizing linear series with non-removable base points appears in M.
Coppens [Cp]. In [S1], Sto¨hr established a manner of dealing with this condition,
still keeping the language of divisors. Essentialy, one is allowing torsion free sheaves
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of rank 1, rather than bundles, regarding linear systems; and replacing morphisms
by pencils, concerning gonality. This discussion is more precise in Definition 1.1.
In [M1] and [M2], the topic was led to the case where the curve needs not to be
Gorenstein and, in particular, there is no canonical way of embedding it. So given
any such a curve C, the study was made by means of its canonical model C′ defined
in terms of the global sections of the dualizing sheaf of C (Definition 1.2). It was
noted that if C is trigonal then C′ lies on a two-dimensional rational normal scroll
(a surface scroll for short), and some properties on C were derived from this.
The point of departure of this article is precisely the converse of the above asser-
tion, that is, assume C is non-Gorenstein and C′ lies on a surface scroll S, then what
can be said about C? In order to answer the question it is crucial to distinguish
some important properties on non-Gorenstein curves to take into account. In [KM,
Thms. 5.10, 6.5], S. L. Kleiman along with the third named author characterized,
by local invariants, curves for which the canonical model is projectively normal
and arithmetically normal, called, respectively, nearly Gorenstein and nearly nor-
mal. So this turns into our roadmap, that is, to check when these conditions hold
according to the intersection number ℓ of C′ and a fiber of S. The results we
got are summarized in Theorem 2.1. Compared to [M1] and [M2], we give refined
statements with less hypothesis, i.e., just assuming that C′ ⊂ S.
The second task was trying to find examples of non-Gorenstein curves with
canonical models on surface scrolls, though not trigonal. As it is usual, we dealt with
rational monomial curves and, instead, we got the following result: the canonical
model of any such a curve lies on a surface scroll if and only if the curve is trigonal
(Theorem 3.3). The proof involves some combinatorics on semigroup of values.
We took advantage from the arguments we used to do a little step forward into a
potential moduli problem. The question is when nonhyperelliptic curves happen
to be characterized by their canonical models up to isomorphism. We obtain this
statement for any curve with at most one non-Gorenstein point, which is unibranch
and monomial (Theorem 3.4).
As in the case of trigonal curves, F.-O. Schreyer proved in [Sc] that any nonsingu-
lar tetragonal curve C can be canonically embedded on a smooth three-dimensional
rational normal scroll (a threefold scroll for short) S as a complete intersection of
two surfaces inside it. Again, the arguments extend naturally to Gorenstein curves
and, again, we do here a quite similar reverse engeneering: we assume C is non-
Gorenstein, C′ ⊂ S as a local complete intersection, and analyze when or if the main
properties on C hold according to the invariant ℓ (Theorem 4.1). As it happens in
the surface scroll case, we also prove that the canonical model of a rational mono-
mial curve lies on a threefold scroll if and only if the curve is at most tetragonal
(Theorem 5.1).
Acknowledgments. Part of this work can be found in the first named author’s Ph.
D. thesis [L]. The second named author is partially supported by FAPESP grant
numbers 07481-1/2012 and 19676-7/2014. The third named author is partially
supported by CNPq grant number 307978/2012-5.
1. Preliminaries
For the remainder, a curve is an integral and complete one-dimensional scheme
over an algebraically closed ground field. So Let C be a curve of (arithmetic) genus
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g with structure sheaf OC , or simply O. Let π : C → C be the normalization map.
Set O := π∗(OC) and call C := Hom(O,O), the conductor of O into O. Let also
ωC , or simply ω, denote the dualizing sheaf of C. A point P ∈ C is said to be
Gorenstein if ωP is a free OP -module. The curve is said to be Gorenstein if all
of its points are so, or equivalently, ω is invertible. It is said to be hyperelliptic if
there is a morphism C → P1 of degree 2.
Definition 1.1. A linear system of dimension r in C is a set of the form
L := L(F , V ) := {x−1F | x ∈ V \ 0}
where F is a coherent fractional ideal sheaf on C and V is a vector subspace of
H0(F) of dimension r + 1. The degree of the linear system is the integer
d := degF := χ(F)− χ(O)
Note, in particular, that if O ⊂ F then
degF =
∑
P∈C
dim(FP /OP ).
The notation grd stands for “linear system of degree d and dimension r”. The linear
system is said to be complete if V = H0(F), in this case one simply writes L = |F|.
The gonality of C is the smallest d for which there exists a g1d in C, or equivalently,
a torsion free sheaf F of rank 1 on C with degree d and h0(F) ≥ 2. A point P ∈ C
is called a base point of L if xOP ( FP for every x ∈ V . A base point is called
removable if it is not a base point of L(O〈V 〉, V ), where O〈V 〉 is the subsheaf of
the constant sheaf of rational functions generated by all sections in V ⊂ k(C). So
P is a non-removable base point of L if and only if FP is not a free OP -module; in
particular, P is singular if so.
Given any integral scheme A, any map ϕ : A→ C and a sheaf G on C, set
OAG := ϕ∗G/Torsion(α∗G).
Given any coherent sheaf F on C set Fn := SymnF/Torsion(SymnF). If F is
invertible then clearly Fn = F⊗n.
Definition 1.2. Call Ĉ := Proj(⊕ωn) the blowup of C along ω. If π̂ : Ĉ → C
is the natural morphism, set Ô = π̂∗(OĈ) and Ôω := π̂∗(OĈω). In [R, p 188 top]
Rosenlicht showed that the linear system L(OCω,H0(ω)) is base point free. He
considered then the morphism κ : C → Pg−1 induced by it and called C′ := κ(C) the
canonical model of C. He also proved in [R, Thm17] that if C is nonhyperelliptic,
the map π : C → C factors through a map π′ : C′ → C. So set O′ := π′∗(OC′)
in this case. In [KM, Dfn 4.9] one finds another characterization of C′. It is the
image of the morphism κ̂ : Ĉ → Pg−1 defined by the linear system L(O
Ĉ
ω,H0(ω)).
By Rosenlicht’s Theorem, since ω is generated by global sections, we have that
κ̂ : Ĉ → C′ is an isomorphism if C is nonhyperelliptic.
Now set Oω := π∗(OCω) and take λ ∈ H0(ω) such that (Oω)P = OPλ for every
singular point P ∈ C. Such a differential exists because H0(ω) generates Oω as
proved in [R, p 188 top], and because the singular points of C are of finite number
and k is infinite since it is algebraically closed. Set
(1) W =Wλ := ω/λ
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If so, we have
CP ⊂ OP ⊂ WP ⊂ ÔP = O′P ⊂ OP
for every singular point P ∈ C, where the equality makes sense if and only if C is
nonhyperelliptic.
Definition 1.3. Let P ∈ C be any point. Set
ηP := dim(WP /OP ) µP := dim(ÔP /WP )
and also
η :=
∑
P∈C
ηP µ :=
∑
P∈C
µP
In particular, letting g′ be the genus of C′, we have
g = g′ + η + µ
Following [BF, Prps. 20, 21, 28], we call P Kunz if ηP = 1 and, accordingly, we
say that C is Kunz if all of its non-Gorenstein points are Kunz; we call P almost
Gorenstein if ηP = 1 and, accordingly, we say that C is almost Gorenstein if all of
its points are so. Following [KM, Dfn. 5.7], we call C nearly Gorenstein if µ = 1,
i.e., C is almost Gorenstein with just one non-Gorenstein point. Finally, following
[KM, Dfn. 2.15], we call C nearly normal if h0(O/C) = 1.
Remark 1.4. The relevance of the concepts above are summarized below:
(i) C is nearly Gorenstein if and only if it is non-Gorenstein and C′ is projec-
tively normal, owing to [KM, Thm. 6.5].
(ii) C is nearly normal if and only if C′ is arithmetically normal, due to [KM,
Thm. 5.10].
(iii) P is Gorenstein if and only if ηP = µP = 0, and P is non-Gorenstein if and
only if ηP , µP > 0 by [BF, p. 438 top]. Besides, if ηP = 1 then µP = 1, by
[BF, Prp. 21]. In particular, a Kunz curve with only one non-Gorenstein
point is as close to being Gorenstein as it gets.
Now we establish few notations on evaluations. Given a unibranch point P ∈ C
and any function x ∈ k(C)∗, set
vP (x) := vP (x) ∈ Z
where P is the point of C over P . The semigroup of values of P is
S = SP := vP (OP ).
We also feature two elements of S, namely:
(2) α = αP := min(S \ {0}) and β = βP := min(vP (CP )).
For later use we set
(3) S∗ = S∗P := {a ∈ S | a ≤ β}
δ = δP := N \ S
which agrees with the singularity degree of P , that is, δ = dim(OP /OP ). The
Frobenius vector of S is γ := β − 1 and one sets
(4) K = KP := {a ∈ Z | γ − a 6∈ S}
whose importance will appear later on. We also set, in a bit different way
(5) K∗ = K∗P := {a ∈ S | a < β}.
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Definition 1.5. Let P ∈ C. One defines the multiplicity of P by
mC(P ) = dim(OP /mPOP ),
so P is singular if and only if its multiplicity is at least 2. We say that a unibranch
P is monomial provided that the completion ÔP = k[[tn1 , . . . , tnr ]], where t is a
local parameter at P .
1.1. Curves on Scrolls. Following, for instance, [EH, Rd], a rational normal
scroll S := Sm1,...,md ⊂ PN with, say, m1 ≤ . . . ≤ md, is a projective variety
of dimensional d which, after a suitable choice of coordinates, is the set of points
(x0 : . . . : xN ) ⊂ PN such that the rank of(
x0 x1 . . . xm1−1
x1 x2 . . . xm1
∣∣∣∣ xm1+1 . . . xm1+m2xm1+2 . . . xm1+m2+1
∣∣∣∣ . . .. . .
∣∣∣∣ . . . xN−1. . . xN
)
is smaller than 2. So, in particular,
(6) N = e+ d− 1
where e := m1 + . . .+md
Note that S is the disjoint union of (d−1)-planes determined by a (parametrized)
choice of a point in each of the d rational normal curves of degree md lying on
complementary spaces on PN . We will refer to any of these (d−1)-planes as a fiber.
So S is smooth if mi > 0 for all i ∈ {1, . . . , d}. From this geometric description one
may see that
(7) deg(S) = e
The scroll S can also naturally be seen as the image of a projective bundle. In fact,
taking E := OP1(m1)⊕ . . .⊕OP1(md), one has a birational morphism
P(E) −→ S ⊂ PN
defined by OP(E)(1). The morphism is such that any fiber of P(E) → P1 is sent to
a fiber of S. It is an isomorphism if S is smooth. In this case, one may describe
the Picard group of the scroll as
Pic(S) = ZH ⊕ ZF
where F is the class of a fiber, and H is the hyperplane class. And one may also
compute its Chow ring as
(8) A(S) =
Z[H,F ]
(F 2 , Hd+1 , HdF , Hd − eHd−1F )
From (7) we get the relations
(9) Hd = e and Hd−1F = 1
The canonical class in S is given by
(10) KS = −dH + (e− 2)F
By [Mr, Lem. 3.1, Cor. 3.2], we also have the formulae
(11)
h0(OS(aH+bF )) =
(b + 1)
(
a+ d− 1
d− 1
)
+ e
(
a+ d− 1
d
)
if a ≥ 0 and b ≥ −am1
0 otherwise
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and
(12) hi(OS(aH + bF )) = 0 if i ≥ 1, a ≥ 0 and b ≥ −(am1 + 1)
Now let X be a nondegenerate curve lying on S. We set the parameter
(13) ℓ := X · F
which will be widely studied here. If the curve is a complete intersection inside S
written as
X = (a1H + b1F ) · . . . · (ad−1H + bd−1F )
then clearly
(14) ℓ = a1 · . . . · ad−1
and one may also use (8) and (9) to compute X ·H and get
(15) deg(X) = a1 · . . . · ad−1 · e+
d−1∑
i=1
a1 · . . . · ai−1 · bi · ai+1 · . . . · ad−1
2. Canonical Models on Surface Scrolls
In this section we study curves for which the canonical model lies on a two-
dimensional rational normal scroll, a surface scroll for short. So, compared to the
previous section, we are in the case where the scroll S = Smn ⊂ PN and d = 2. If
the dimension N of the ambient space is fixed, one may simply write S = Sm.
If m > 0 then S is smooth. Let X = aH + bF ∈ Pic(S) be a curve on the scroll.
One may use its resolution
0 −→ OS(−aH − bF ) −→ OS −→ OX −→ 0
to compute the arithmetic genus pa(X) of the curve. In fact,
pa(X) = 1− χ(OX)(16)
= 1− χ(OS) + χ(OS(−aH − bF )) = χ(OS(−aH − bF ))
For an arbitrary D ∈ Pic(S), by Hirzebruch-Riemann-Roch Theorem we have
χ(OS(D)) = deg (ch(OS(D))(td(TS))2(17)
=
1
12
(c21 − c2) +
1
2
c1D +
1
2
D2
where ci is the i-th Chern class of the tangent bundle TS . Now, using (10), we have
that c1 = −KS = 2H + (2− e)F . On the other hand, χ(OS) = 1 and, by (11) and
(12), we have that χ(OS(H)) = e + 2. So, by (17), and the relations (9) one may
solve a system to get c2 = 4HF . Writing D = hH + fF , and replacing c1 and c2
in (17) we have
(18) χ(OS(D)) = 1 + h+ f + hf + he
2
+
h2e
2
which is the general formula for a cycle. If the cycle corresponds to a curve, then
(18) could have been obtained directly from (11) and (12). In any rate, the genus
of the curve derives from (16) and (18), that is,
pa(X) = 1− a− b+ ab− ae
2
+
a2e
2
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Now e = N − 1 by (6), a = ℓ by (14), and b = deg(X)− ℓ(N − 1) by (15). Hence
(19) 2pa(X)− 2 = (2ℓ− 2) deg(X)− (N − 1)ℓ2 + (N − 3)ℓ
which agrees with [SV, p 66 bot], obtained with no explicit use of the Euler char-
acteristic.
If m = 0, then S is a cone. In this case, [RS, Frm. 3.1] computes the Hilbert
function of the curve to get
(20) pa(X) = (q − 1)(deg(C)− 1)− 1
2
q(q − 1)(N − 1)
where q = ⌈deg(X)/(N − 1)⌉.
It can be read off from [M1, M2, RS, SV] that the canonical model of any trigonal
curve lies on a (possibly degenerated) surface scroll. Actually, for Gorenstein curves,
this characterizes trigonality. In this section we do precisely the converse, that is,
establishing conditions for a non-Gorenstein curve to have its canonical model lying
on a surface scroll. We will assume that all curves have genus at least 4, otherwise
the canonical models lie on a plane which is certainly a surface scroll. The results
we get are the following.
Theorem 2.1. Let C be a non-Gorenstein curve with g ≥ 4 such that its canonical
model C′ lies on the scroll Sm. Consider the standard affine plane chart
U := {(1 : x : x2 : . . . : xg−m−2 : y : yx : yx2 : . . . : yxm) | (x, y) ∈ A2} ∼= A2
on Sm, and assume C
′ is given by the equation
cℓ(x)y
ℓ + . . .+ c1(x)y + c0(x) = 0 cℓ(x) 6= 0
on U . Then the following hold:
(i) ℓ ≤ 3 if m > 0 and ℓ ≤ 2 if m = 0.
(ii) if m > 0, then ℓ agrees with the generic number of points in the intersection
of C′ and a member of a pencil of lines on Sm.
(iii) if m = 0, then the generic number of points in the intersection of C′ and
a line on Sm is at most 3. If equality holds, then C is Kunz with just one
non-Gorenstein point;
(iv) if ℓ = 1 then C is rational, and if m > 0, then C′ ∼= P1, in particular, the
singular points of C are non-Gorenstein;
(v) if ℓ = 2 then:
(a) if m > 0, then C is nearly Gorenstein;
(b) if m = 0, then g − g′ ≤ 3; in particular, C is nearly Gorenstein;
(vi) if ℓ = 3 then:
(a) C is almost Gorenstein if and only if it is Kunz;
(b) m ≥ (g − 3)/3 and equality holds if and only if C is Kunz with just
one non-Gorenstein point;
(vii) if m = 0 and g − g′ = 3 then:
(a) C′ does not meet the vertex if and only if it is hyperelliptic;
(b) C′ meets the vertex if and only if it is nearly normal;
(c) gon(C) ≤ 5
(viii) gon(C) ≤ gon(C′) + g − g′;
(ix) if m > 0 then gon(C′) ≤ ℓ
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Proof. Set S := Sm. We start by proving (ii), i.e., that we are just extending the
definition of ℓ from smooth scrolls to cones. In fact, by construction, the vertical
lines “x = c” on U correspond to fibers of a pencil on S and hence ℓ agrees with
the one defined in (13) if m > 0, so the item follows.
Let us prove (i). According to [KM, Prp. 2.14], the degree of C′ in Pg−1 can be
expressed as
(21) deg(C′) = 2g − 2− η
On the other hand, following [RS, SV], the degree of C′ can also be computed in
terms of its equation in the chart U , that is,
(22) deg(C′) = r + ℓm
where r is the smallest integer such that
(23) deg ci(x) ≤ r − i(g − 2− 2m) i ∈ {0, 1, . . . , ℓ}
Assume m > 0. Applying (19) to C′ ⊂ Pg−1 and using (21) we get
(24) g′ = (ℓ− 1)
((
1− g
2
)
ℓ + (2g − η − 3)
)
Note that the second factor at the right hand side of the equality is a decreasing
linear function of ℓ with root (4g − 2η − 6)/(g − 2) ≤ (4g − 8)/(g − 2) = 4. Since
g′ ≥ 0, it follows that ℓ ≤ 4. If ℓ = 4 we have η = 1 and g′ = 0, but η = 1 implies C
has a unique non-Gorenstein point P with ηP = 1 and this yields µP = 1. Therefore
g = g′ + η + µ = 0 + 1 + 1 = 2 which cannot happen since we are assuming g ≥ 4.
Now assume m = 0. From (22) and (23) we get 2g − 2− η − ℓ(g − 2) ≥ 0, then
(25) ℓ ≤ 1 + g − η
g − 2
so ℓ ≤ 3 and equality holds if and only if η = 1 and g = 3, which is off from our
assumption on the genus. Therefore (i) is proved.
Let us prove (iii). If ℓ = 1, then a fiber meets C′ at most twice, since it meets
the curve at most one time in U . If ℓ = 2, the fiber can possibly meet C′ three
times if the latter passes through the vertex. But C′ meets the vertex if and only if
deg c2(x) ≥ 1. On the other hand, from (22) and (23) we have that deg c2(x) ≤ 2−η,
so this can only happen if η = 1, that is, C is Kunz, with just one non-Gorenstein
point.
Now let us suppose ℓ = 1. Then, clearly, C′ is rational and so is C. If m > 0,
then by (24) we have g′ = 0, i.e., C′ ∼= P1. In particular, C′ is nonsingular and
hence the singular points of C must be non-Gorenstein. So (iv) is proved.
To prove (v), assume ℓ = 2. If m > 0 we have by (24) that g − g′ = η + 1, then
µ = 1 and, by definition, C is nearly Gorenstein, so (a) follows. If m = 0, by (25),
we have η ≤ 2. If one applies (20) to C′ one gets
(26) g′ = (q − 1)(2g − η − 3)− 1
2
q(q − 1)(g − 2)
with
(27) q = ⌈1 + (g − η)/(g − 2)⌉.
Since η = 1 or 2, then q = 2 or 3. If q = 2 we have by (26) that g′ − g = η + 1 so
g − g′ ≤ 3. While if q = 3 we have by (27) that g = 3 and η = 1. In particular,
g − g′ ≤ 3 as well and (b) follows.
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To prove (vi), assume ℓ = 3. We have by (24) that g − g′ = 2η so clearly C is
almost Gorenstein if and only if it is Kunz. Now combining (22) and (23) for ℓ = 3,
one gets
2g − 2− η − 3m− 3(g − 2− 2m) ≥ 0
wich yields
m ≥ g − 3
3
+
η − 1
3
so g ≥ (g − 3)/3 and equality holds if and only if η = 1, that is, g − g′ = 2.
Now assume m = 0 and g − g′ = 3 in order to prove (vii). Then we have that
g − 1 = g′ + 2 and thus C′ ⊂ Pg′+2. Besides, g − g′ = 3 implies η = 2. Hence, by
(21), deg(C′) = 2g′ + 2. So C′ is a curve of genus g′ lying on a cone of Pg
′+2 with
degree 2g′ + 2. Therefore C′ does not pass through the vertex of the cone if and
only if it is hyperelliptic, owing to [S2, Thm 2.1], and C′ passes through the vertex
if and only if it is nearly normal, owing to [M1, Thm. 2.4].
To prove (viii), let F ′ := OC′〈1, x〉 be a torsion free sheaf of rank 1 which
computes the gonality of C′, for x ∈ k(C′) = k(C). Set F := OC〈1, x〉. Since π′ :
C′ → C is birational, it preserves cohomology by direct images and, in particular,
we have that H0(C, π′∗(F ′)) = 〈1, x〉, thus O ⊂ F ⊂ π′∗(F ′) and also
degC π
′
∗(F ′) = degC′ F ′ + g − g′
but gon(C) ≤ degC(F) ≤ degC π′∗(F ′) and gon(C′) = degC′(F ′) so the item fol-
lows. If m > 0 then the ruling of S cuts out a g1ℓ in C
′ so (vii) follows as well. Now
if m = 0 and g − g′ = 3, then by (vii), gon(C′) = 2 in any case, so gon(C) ≤ 5.
This proves (ix) and we are done. 
3. Rational Curves on Surface Scrolls
We first set up what will be the objects we will deal with in this section. Consider
the morphism
P1 −→ Pn
(s : t) 7−→ (san : ta1san−a1 : . . . : tan−1san−an−1 : tan)
The image C of such a map is what we call a rational monomial curve, which, for
simplicity, we denote by
C = (1 : ta1 : . . . : tan−1 : tan)
with a1 < . . . < an. A key property for our interest is the result below. In order to
state it, recall the definition of K∗P in (5).
Proposition 3.1. Let C = (1 : ta1 : . . . : tan−1 : tan) be a rational monomial curve
such that an = an−1 + 1. Set P = (1 : 0 : . . . : 0) ∈ C. Then its canonical model is
C′ = (1 : tb1 : . . . : tbg−1)
where {0, b1, . . . , bg−1} = K∗P .
Proof. First we just show that K∗ has g elements. Indeed, since an = an−1 + 1,
we have that P is the only singular point of C, so g = δ = #(K∗) by the very
construction of K. Now we will prove that
W = OC〈1, tb1 , . . . , tbg−1〉
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where W is defined as in (1). Set P := (1 : 0) ∈ P1 and let λ ∈ Ωk(C)|k be a
differential. We have that (ω/λ)P is the largest among the fractional OP -ideals
F on k(C), satisfying the property that ResP (fλ) = 0 for every f ∈ F . Taking
λ := dt/tβ one sees that
(28) (ω/λ)P = k ⊕ ktb1 ⊕ . . .⊕ ktbg−1 ⊕ CP
and hence λ is the desired differential introduced above satisfying (Oω)P = OPλ,
and so ω/λ =W since P is the only singular point of C. LetF := OC〈1, tb1 , . . . , tbg−1〉.
We claim that F = W . Since h0(F) ≥ g and W is (an isomorphic image of) the
dualizing sheaf, it suffices to prove that deg(F) = 2g − 2. Clearly
degF = dim(FP /OP ) + dim(F∞/O∞)
where ∞ := (0 : . . . : 0 : 1). Since ∞ is smooth, dim(F∞/O∞) = bg−1 = β − 2. On
the other hand, FP =WP and dim(FP /CP ) = g by (28). But
β = dim(OP /CP )
= dim(OP /OP ) + dim(FP /CP )− dim(FP /OP )
= 2g − dim(FP /OP )
and the claim follows. Therefore H0(W) = 〈1, tb1 , . . . , bg−1〉 and the result trivially
follows from the definition of the canonical model. 
Now we prove a result for general scrolls which will also be helpful for our pur-
poses here and in Section 5. We just warn the reader that the statement – as any
envolving monomiality – depends on a choice of coordinates of the ambient space,
though one is allowed at least to reodering them.
Lemma 3.2. A rational monomial curve (1 : ta1 : . . . : taN ) ⊂ PN lies on a d-fold
scroll Sm1m2...md if and only if there is a partition of the set {0 = a0, a1, . . . , aN}
into d subsets, with, respectively, m1+1,m2+1, . . . ,md+1 elements, such that the
elements of all of these subsets can be reordered within an arithmetic progression
with the same common difference.
Proof. The d-fold scroll Sm1m2...md is the set of points (x0 : . . . : xN ) ⊂ PN such
that the rank of(
x0 . . . xm1−1 xm1+1 . . . xm1+m2 . . . xm1+...+md−1+d−1 . . . xN−1
x1 . . . xm1 xm1+2 . . . xm1+m2+1 . . . xm1+...+md−1+d . . . xN
)
is smaller than 2.
More explicitly, the above matrix is composed by smaller submatrices of the form(
xm1+...+mi+i xm1+...+mi+i+1 . . . xm1+...+mi+mi+1+i−1
xm1+...+mi+i+1 xm1+...+mi+i+2 . . . xm1+...+mi+1+i
)
Since in our case we have xi = t
aj , the submatrices above give a partition of the
set of integers a′is, which, sorted conveniently, is
{a0, . . . , am1}, {am1+1, . . . , am1+m2+1}, . . . , {am1+...+md−1+d−1, . . . , aN}.
The elements of each subset of the partition should form an arithmetic progres-
sion because of the relations of the submatrix they are related to. The common
differences need to be the same due to the relations of the total matrix. 
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So Proposition 3.1 and Lemma 3.2 provide a way of computing canonical models
of rational monomial curves with just one singularity and checking out the scrolls
they live within. We exhibit below all non-Gorenstein curves of this form with
genus at most 6 whose canonical models lie on a surface scroll. We just show
one scroll (with smallest m) for each canonical model, though it can possibly be
contained in others and in different ways. Besides, we did not preserve the order on
the powers of t and allow them to be negative sometimes after multiplying by ts for
a suitable s so that C′ fits into the format of Theorem 2.1 and one easily finds its
plane equation. We adopt the conventions: gn:= gonality, K:=Kunz, NG:=nearly
Gorenstein, NN:=nearly normal.
genus 4
C gn C′ eq ℓ m
(1 : t5 : t6 : t7 : t8 : t9) 2 NN (1 : t : t2 : t3) y − x3 1 0
(1 : t4 : t5 : t7 : t8) 3 K (1 : t : t2 : t−3) x3y − 1 1 0
(1 : t4 : t6 : t7 : t8 : t9) 3 NG (1 : t2 : t4 : t3) y2 − x3 2 0
(1 : t3 : t7 : t8) 3 – (1 : t : t3 : t4) y − x3 1 1
genus 5
(1 : t6 : t7 : t8 : t9 : t10 : t11) 2 NN (1 : t : t2 : t3 : t4) y − x4 1 0
(1 : t5 : t7 : t8 : t9 : t10 : t11) 3 NG (1 : t : t2 : t3 : t−2) x2y − 1 1 0
(1 : t5 : t6 : t8 : t9) 3 NG (1 : t : t2 : t3 : t−3) x3y − 1 1 0
(1 : t5 : t6 : t7 : t9 : t10) 3 K (1 : t : t2 : t3 : t−4) x4y − 1 1 0
(1 : t4 : t6 : t9 : t10 : t11) 3 NG (1 : t2 : t4 : t6 : t5) y2 − x5 2 0
(1 : t4 : t5 : t10 : t11) 3 – (1 : t : t2 : t−4 : t−3) x4y − 1 1 1
(1 : t5 : t7 : t8 : t9 : t10 : t11) 3 NG (1 : t2 : t4 : t3 : t5) y2 − x3 2 1
(1 : t4 : t7 : t9 : t10) 3 – (1 : t3 : t5 : t : t4) y3 − x 3 1
(1 : t3 : t8 : t9 : t10) 3 – (1 : t3 : t6 : t2 : t5) y3 − x2 3 1
(1 : t3 : t7 : t10 : t11) 3 K (1 : t3 : t6 : t4 : t7) y3 − x4 3 1
genus 6
(1 : t7 : t8 : . . . : t12 : t13) 2 NN (1 : t : t2 : t3 : t4 : t5) y − x5 1 0
(1 : t4 : t6 : t11 : t12 : t13) 3 NG (1 : t2 : t4 : t6 : t8 : t7) y2 − x7 2 0
(1 : t5 : t8 : t9 : t11 : t12) 3 – (1 : t : t2 : t3 : t−3 : t−2) x3y − 1 1 1
(1 : t5 : t6 : t9 : t12 : t13) 3 – (1 : t : t2 : t3 : t−4 : t−3) x4y − 1 1 1
(1 : t5 : t6 : t7) 3 – (1 : t : t2 : t3 : t−5 : t−4) x5y − 1 1 1
(1 : t5 : t7 : t9 : t11 : t12 : t13) 3 NG (1 : t2 : t4 : t6 : t5 : t7) y2 − x5 2 1
(1 : t3 : t8 : t12 : t13) 3 K (1 : t3 : t6 : t9 : t5 : t8) y3 − x5 3 1
(1 : t4 : t9 : t10 : t11) 3 – (1 : t : t2 : t4 : t5 : t6) y − x4 1 2
(1 : t3 : t10 : t11) 3 – (1 : t3 : t6 : t : t4 : t7) y3 − x 3 2
Note that one is able to verify the statements of Theorem 2.1. We have that
ℓ ≤ 2 if m = 0 and ℓ ≤ 3 if m > 0. The cases where ℓ = 2 are all Kunz, nearly
normal or nearly Gorenstein curves (recall that the first ones imply the latter). On
the other hand, if ℓ = 3 the curve is either Kunz or of no special kind.
Note also that, at least for genus at most 6, there are no monomial rational curves
lying on a surface scroll with gonality greater than 3. This is not a particular fact,
as we see in the result below.
Theorem 3.3. The canonical model of a rational monomial curve C, with a unique
singular point, lies on a surface scroll if and only if gon(C) ≤ 3.
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Proof. The converse is already known. For sufficiency, let
C′ = (1 : tb1 : tb2 : . . . : tbg−1) ⊂ Pg−1.
and set
A = {0, b1, b2, . . . , bg−1}.
Let S be the semigroup of the singular point P ∈ C and K, defined by means of it.
We have
A = K∗
and bg−1 = β − 2 = γ − 1. Moreover,
{γ − α+ 1, . . . , γ − 1} ⊂ A and γ − α 6∈ A
by the very definition of K. We have γ − α < 0 if and only if α = β, that is,
CP = mP , which is equivalent to saying that C is nearly normal, and so gon(C) = 2
owing to [KM, Thm 3.4] and [M1, Thm 2.1]. On the other hand, γ − α = 0 never
happens by the definition of β. So we may assume γ − α > 0.
Now, in order to have C′ lying on a surface scroll, by Lemma 3.2, there is a
partition of A into two subsets, say A1 and A2 where the first has 0 as an element,
and both form an arithmetic progression with the same common difference. Say r
is this common difference.
If r = 1, then necessarily
A1 = {0, 1, 2, . . . , a}
A2 = {γ − α+ 1, γ − α+ 2, γ − α+ 3, . . . , γ − 1}
and one can check that
S∗ = {0, α, α+ 1, α+ 2, . . . , γ − a− 1, β}
Now set
F := OC〈1, t〉
We have that F has degree 1 at ∞ and 0 elsewhere but P . Moreover,
FP = kt⊕ ktγ−a ⊕OP
hence dim(FP /OP ) = 2 and deg(F) = 3. Therefore C is trigonal.
In order to prove the result for r = 2, we may assume α ≥ 3, because if α = 1,
then C = P1 and gon(C) = 1; if α = 2 then C is hyperelliptic, in particular,
gon(C) = 2. In fact, if α = 2, set F = OC〈1, t2〉. Then F has degree 0 elsewhere
but ∞, where it has degree 2. So deg(F) = gon(C) = 2.
But if α ≥ 3, then γ − 1, γ − 2 ∈ K. Now one of these two numbers is even, and
it has to be in A1 since r = 2. It follows that all even numbers smaller than γ are
in K. Let b be the first odd number in K.
If γ is even, then all positive even numbers smaller than γ are not in S. Hence
one sees that
(29) S∗ = {0, γ − b+ 2, γ − b+ 4, γ − b+ 6, . . . , β − 2, β}
and if γ is odd, all odd numbers smaller than γ are not in S and we have that S∗
has to be as in (29) again.
Now F := OC〈1, t2〉, then F has degree 0 elsewhere but at P and ∞, where it
has degree 2. Besides
FP = kt2 ⊕OP
so F has degree 1 at P and deg(C) = gon(C) = 3.
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To prove the result for r ≥ 3, we may assume α ≥ 4, because if α = 3, then
OC〈1, t3〉, has degree 0 elsewhere but at ∞, where it has degree 3. Therefore we
have gon(C) ≤ deg(F) = 3.
But if α ≥ 4, then γ−1, γ−2, γ−3 ∈ K. Since r ≥ 3, these three numbers have
to be in different sets of the partition which defines the scroll. This is impossible
unless its dimension is at least 3, which is not the case here. 
We close this section with a simple, though possibly important result, if one is
interested on classifying integral curves by means of canonical models.
Theorem 3.4. Two nonhyperelliptic curves with just one singular point which is
unibranch and monomial are isomorphic if and only if their canonical models are
the same.
Proof. Necessity is immediate. To prove sufficiency, let C1 and C2 be such curves.
Assume C′1 = C
′
2, i.e., they have the same canonical model. By [R, Thm. 17],
any nonhyperelliptic curve is birationally equivalent to its canonical model. So the
nonsigular models C1 and C2 are isomorphic. Hence we just have to prove that
OC1,P1 ∼= OC2,P2 where P1 and P2 are the singular points of C1 and C2, respectively.
But the local rings of two monomial points with the same number of branches are
isomorphic if and only if their semigroup of values coincide. So let us prove that
SP1 = SP2 . We have that C
′
1 = C
′
2 if and only if H
0(ωC1) = H
0(ωC2) which is
equivalent to saying that H0(WC1) = H0(WC2). Now, for i = 1, 2, one may write
H0(WCi) = 〈x1, . . . , xgi , y1, . . . , yδPi 〉, where gi is the genus of Ci , and δPi is the
singularity degree of Pi. Since g1 = g2 it follows that δP1 = δP2 . Using the fact
that the points are unibranch, we thus have vPi({y1, . . . , yδPi }) = K∗Pi for i = 1, 2.
Therefore K∗P1 = K
∗
P2
. So it suffices to show that the semigroups have the same
conductor. In fact, if so, KP1 = KP2 . But if the latter equality holds, take s ∈ SP1 .
Then γ − s /∈ KP1 = KP2 . So s = γ − (γ − s) ∈ SP2 . Analogously we have that
SP2 ⊂ SP1 . Thus SP1 = SP2 as we wish.
So let us prove that the semigroups have the same conductor, i.e., βP1 = βP2 . We
claim that γP1 < βP2 . In fact, assume γP1 = βP2 , then γP2 = γP1 − 1 ∈ K∗P1 = K∗P2 ,
so γP2 ∈ K∗P2 which cannot happen. Now, if γP1 > β2, we have γP1−1 ∈ K∗P1 = K∗P2 ,
but γP1−1 ≥ βP2 and hence cannot be in K∗P2 which is another contradiction. So the
claim follows and, analogously, γP2 < βP1 and therefore γP1 < βP2 and γP1 /∈ K∗P2
implies γP1 /∈ KP2 and, similarly, γP2 /∈ KP1 . So, by definition, γP2 − γP1 ∈ SP2 and
γP1 − γP2 ∈ SP1 , but SP1 , SP2 ⊂ N and then γP2 − γP1 ≥ 0 and γP1 − γP2 ≥ 0. Thus
γP1 = γP2 and βP1 = βP2 , as desired. 
Although we did not prove any systematic way of obtaining canonical models of
rational monomial curves with two singularities – as we did in Proposition 3.1 in
the case of a unique one – if the genus is low, one can test by hand a candidate for
an immersion of the dualizing sheaf into the constant sheaf of rational functions by
checking the properties that it has to have g linearly independent global sections
and degree 2g − 2. With this strategy we exhibit the full list of rational monomial
curves of genus at most 5, with two singular points, whose canonical models lie on a
surface scroll. We adopt the conventions: 0 := (1 : 0 : . . . : 0), ∞ := (0 : . . . : 0 : 1)
and, as before, δ is the singularity degree.
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genus 4 with δ0 = 1 and δ∞ = 3
C gn C′ m
(1 : t2 : t3 : t4 : t5 : t9) 3 (1 : t2 : t3 : t4) 0
(1 : t2 : t3 : t4 : t6 : t9) 3 (1 : t2 : t3 : t5) 1
genus 4 with δ0 = 2 and δ∞ = 2
(1 : t3 : t4 : t5 : t7 : t9) 3 (1 : t : t3 : t5) 0
(1 : t3 : t4 : t5 : t8) 3 (1 : t : t3 : t4) 1
genus 5 with δ0 = 1 e δ∞ = 4
(1 : t2 : t3 : t4 : t5 : t9) 3 (1 : t2 : t3 : t4 : t5) 0
(1 : t2 : t3 : t5 : t9) 3 (1 : t2 : t3 : t4 : t6) 0
(1 : t2 : t3 : t7 : t10) 3 (1 : t2 : t3 : t5 : t6) 1
genus 5 with δ0 = 2 e δ∞ = 3
(1 : t3 : t4 : t5 : t7 : t9 : t11) 3 (1 : t : t3 : t5 : t7) 0
(1 : t2 : t4 : t5 : t6 : t7 : t11) 3 (1 : t2 : t4 : t5 : t6) 0
(1 : t3 : t4 : t5 : t6 : t10) 3 (1 : t : t3 : t4 : t5) 1
(1 : t3 : t4 : t5 : t7 : t10) 3 (1 : t : t3 : t4 : t6) 1
(1 : t2 : t5 : t7 : t9 : t12) 3 (1 : t2 : t4 : t5 : t7) 1
Note that all of them have gonality 3 as well.
4. Canonical Models on Threefold Scrolls
In this section, we study curves for which the canonical model lies on a three-
dimensional rational normal scroll, a threefold scroll for short. The aim is obtaining
similar results as the ones we got in Section 2. But here we assume the canonical
model is a local complete intersection. As we did before, we start by obtaining a
general formula envolving the main invariants of any such a curve and, afterwards,
we apply it to the case where it is a canonical model.
So let X be a local complete intersection curve which lies on a threefold scroll
S ⊂ PN . Applying the Hartshorne-Serre correspondence, see for example [A], one
can find a uniquely determined rank 2 vector bundle E on S, such that X is the
zero locus of a global section of E. We then get a short exact sequence of the form
0 −→ OS −→ E −→ IC ⊗
2∧
E −→ 0
which induces the following resolution of the structure sheaf of X
(30) 0 −→
2∧
E∨ −→ E∨ −→ OS −→ OX −→ 0.
Writing
c1(E) = uH + vF
we will say that X is of (u, v)-type
Now the fundamental class of X is given by the second Chern class of E, say,
X = c2(E) = wH
2 + zHF
From (8) and (9) we get (wH2 + zHF ).F = w, whereas by (13) we are led to
(31) w = ℓ
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the instersection number of X and a general fiber of S. Similarly, form (9) we get
(wH2 + zHF ).H = we + z, and by (6) and (31) we have
(32) z = deg(X)− ℓ(N − 2)
In order to compute the genus of X we use the resolution (30) which yields to
(33) pa(X) = χ(E
∨)− χ( 2∧E∨)
Again, we will firstly use Hirzebruch-Riemann-Roch Theorem to compute these
Euler characteristics. To begin with, we start with an arbitrary D ∈ Pic(S). Let
TS be the tangent bundle and write ci := ci(TS) for its Chern classes. We have
χ(OS(D)) = 1
24
c1c2 +
1
12
D(c21 + c2) +
1
4
D2c1 +
1
6
D3
Now (10) yields
c1 = −KS = 3H + (2− e)F
while one can compute and obtain
(34) c2 = 3H
2 + (6− 2e)HF
Writing D = hH + fF , one gets
(35) χ(OS(hH + fF )) = 1 + 2e+ 9
6
h+ f +
e + 1
2
h2 +
3
2
hf +
e
6
h3 +
1
2
h2f
which allows us quickly calculating the first summand in the right hand side of (33),
that is,
χ(E∨) = 2− (2e+ 9)
12
u− v − (e + 1)w − 3
2
z +
(e+ 1)
2
u2 +
3
2
uv(36)
+
e
2
uw +
1
2
uz +
1
2
vw − e
6
u3 − 1
2
u2v
and immediately the second one since χ(∧2E∨) = χ(OS(−uH − vF )). Thus
(37) pa(X) = 1 +
(e(u− 2) + v − 2)w + (u− 3)z
2
Using (6), (31) and (32), we are led to
(38) 2pa(X)− 2 = (u− 3) deg(X) + ℓ(v +N − 4)
If E splits, i.e, E = OS(aH+bF )⊕OS(cH+dF ), that is, X = (aH+bF )(cH+dF )
is a complete intersection inside S, then we have the relations
u = a+ c w = ac
v = b+ d z = ad+ bc
So we could have used the resolution
0→ OS(−(a+c)H−(b+d)F )→ OS(−aH−bF )⊕OS(−cH−dF )→ OS → OX → 0
to get the following formula
(39) 2pa(X)− 2 = (a+ c− 3) deg(X) + ℓ(b+ d+N − 4)
of which (38) is a generalization.
We just note we could had applied Hirzebruch-Riemann-Roch Theorem to write
χ(E∨) = 1 + χ
( 2∧
E∨
)
+
1
2
KSc2(E) +
1
2
c1(E)c2(E)
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and then
pa(X) = 1 +
c2(E)(KS + c1(E))
2
which provides a faster way of getting (38) (and hence (39)) with no need of (34),
(35) and (36) either. We opted to keep these equations since they stand for helpful
formulas expressing the Euler characteristics of rank 1 and 2 bundles on S.
Now we analyze curves for which the canonical model lies on a smooth threefold
scroll Smnk. Since the scroll is nonsingular, m,n, k ≥ 1, thus, by (6), the ambient
dimension is at least 5, and hence the genus of the curve is greater or equal to 6.
As in the surface scroll case, we will set Sm := Smnk (m ≤ n ≤ k) because the
parameter m will be analyzed, though n, k are not determined by m, but just the
sum of them.
Theorem 4.1. Let C be a non-Gorenstein curve of genus g ≥ 6, whose canonical
model C′ lies on a smooth threefold scroll Sm as a local complete intersection of
(u, v)-type. Let ℓ be the generic number of points in the intersection of C′ and a
member of a pencil of planes on Sm. Then the following hold:
(i) v = −(g − 5) if and only if ℓ = 2 and C′ is elliptic. Otherwise
ℓ =
(u− 4)(2g − 2− η) + η + 2µ
5− g − v
(ii) if ℓ = 1 then C′ ∼= P1 and, in particular, C is rational and the singular
points of C are non-Gorenstein. Moreover, C is nearly Gorenstein if and
only if v = 2.
(iii) if ℓ = 2 and C′ is not elliptic, then either C′ ∼= P1 with v = −(g−4) or else
v > −(g − 5). Moreover, C is nearly Gorenstein if and only if v = 3 − η;
in particular, it is also Kunz if and only if v = 2.
(iv) if ℓ = 3, then v = −(g − 5) − ((η + 2µ)/3); in particular, C is Kunz with
just one non-Gorenstein point if and only if v = −(g − 4).
(v) if ℓ = 4 then v = −(g−5)−((η+2µ)/4) or v = −(g−5)−((g+µ+1)/2); in
the first case holds: C cannot be Kunz with just one non-Gorenstein point,
m ≥ (4(g − 5) + η + 2µ)/16, and it generalizes the Gorenstein case.
(vi) if ℓ ≥ 5 then
m ≥ ℓ(g − 5) + (
√
2ℓ− 4)(2g − 2− η) + η + 2µ
ℓ(ℓ+ 1)
Proof. Since the scroll is nonsingular and the planes on a pencil of Sm are precisely
the fibers, then ℓ agrees with the intersection number C′ ·F priorly defined. Taking
X = C′, pa(X) = g − η − µ, deg(X) = 2g − 2− η, and N = g − 1 in (38) we have
(40) (u− 4)(2g − 2− η) + η + 2µ+ ℓ(v + g − 5) = 0
If v 6= −(g − 5), the above equality provides the formula of item (i).
For the remainder, in order to obtain conditions on u and v, we will assume,
without loss in generality, that the canonical model is a complete intersection given
by C′ = (aH+bF )(cH+dF ) with u = a+c and v = b+d. Since the cycles need to
be effective, from (11) we have that a, c ≥ 0; besides, C′ is non-degenerate, hence
a, c > 0 and also if b < 0 (resp. d < 0) then a ≥ 2 (resp. c ≥ 2).
Now assume v = −(g − 5), then from (40) we get
η + 2µ = (4− u)(2g − 2− η)
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If η = µ = 0 we are in the classical (Gorenstein) case, i.e., the canonical curve is
given by C = C′ = (2H + bF )(2H + dF ) with u = 4 and v = b + d = −(g − 5).
Otherwise, u < 4 since the left hand side of the equation is strictly positive. But
from what was said above, u ≥ 2 and if equality holds, then a = c = 1, which
implies both b and d are positive, and so would be v, which is not the case here.
Therefore u = 3, thus ℓ = ac = 2 by (14) and
g = 1 + η + µ
that is, C′ is of genus g′ = 1, so necessity is proved in the claim of (i). We leave
sufficiency for the analisys of the case where ℓ = 2 right away.
Now assume ℓ = 1. First off, the planes on S cut out a g11 on C
′, so C′ ∼= P1 and,
in particular, C is rational, and its singular points are non-Gorenstein. Besides,
since g′ = 0 one may write g = η + µ, and since ℓ = 1 one should take u = 2.
Replacing this in (40), we get
v − µ− 1 = 0
and item (ii) follows.
If ℓ = 2 then u = 3 and (40) yields
η + µ+ v − 4 = 0
So one may write v = −(g − g′ − 5). If g′ = 0 then C′ ∼= P1 with v = −(g − 4);
if g′ = 1, i.e., C′ is elliptic, then we have sufficiency in the claim of item (i).
Otherwise, if g′ ≥ 2, then v > −(g − 5). Now, from (40), C is nearly Gorenstein if
and only if v = 3− η and also Kunz if and only if v = 2.
If ℓ = 3 then u = 4 and so
η + 2µ+ 3(v + g − 5) = 0
which immediately implies the equation (iv). The last sentence of the item follows
from the fact that C is Kunz with just one non-Gorenstein point if and only if
µ = η = 1.
If ℓ = 4, either u = 4 or else u = 5. The first case occurs when a = c = 2 so it
generalizes the canonical Gorenstein case of tetragonal curves, as mentioned above.
The equation (40) gives the relation
η + 2µ+ 4(v + g − 5) = 0
from where the value of v comes. It does not allow η = µ = 1 otherwise v would
not be integer, so C cannot be Kunz with one non-Gorenstein point. From (11),
we deduce that v = (b + d) ≥ −m(a + c) = −mu and the lower bound for m can
easily be found. The second case provides the relation
2g − 2 + 2µ+ 4(v + g − 5) = 0
which gives v.
If ℓ ≥ 5, then v is always computed the same way by (40), that is,
v = −(g − 5)− (u− 4)(2g − 2− η) + η + 2µ
ℓ
where none of the terms vanish. The lower bound for m immediately comes from
the fact that v ≥ −mu, u = a + c, ℓ = ac and the general relation for positive
integers
√
2ac ≤ a+ c ≤ ac+ 1. 
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5. Rational Curves on Threefold Scrolls
In this section we study rational monomial curves with canonical models lying
on a threefold scroll. We start by listing all non-Gorenstein curves of this type with
genus at most 8, with a unique singular point, for which the canonical model is not
contained on a surface scroll.
genus 6
C gn C′ mn
(1 : t5 : t6 : t13 : t14) 4 (1 : t2 : t5 : t6 : t7 : t8) 00
(1 : t4 : t7 : t8 : t9) 4 (1 : t4 : t5 : t7 : t8 : t9) 01
(1 : t4 : t7 : t10 : t12 : t13) 4 (1 : t3 : t4 : t6 : t7 : t8) 01
(1 : t5 : t7 : t8 : t11 : t12 : t13) 4 (1 : t3 : t5 : t6 : t7 : t8) 01
genus 7
(1 : t4 : t10 : t11 : t12 : t13) 4 (1 : t2 : t3 : t4 : t6 : t7 : t8) 00
(1 : t5 : t7 : t11 : t12 : t13) 4 (1 : t : t3 : t5 : t6 : t7 : t8) 01
(1 : t5 : t8 : t11 : t12 : t13 : t14) 4 (1 : t2 : t3 : t5 : t6 : t7 : t8) 01
(1 : t6 : t8 : t9 : t11 : t12 : t13) 4 (1 : t3 : t5 : t6 : t7 : t8 : t9) 01
(1 : t5 : t7 : t9 : t13 : t14) 4 (1 : t3 : t5 : t7 : t8 : t9 : t10) 01
(1 : t5 : t8 : t9 : t11 : t12) 4 (1 : t4 : t5 : t7 : t8 : t9 : t10) 01
(1 : t6 : t8 : t9 : t10 : t12 : t13) 4 (1 : t4 : t6 : t7 : t8 : t9 : t10) 01
(1 : t5 : t8 : t9 : t10 : t11) 4 (1 : t5 : t6 : t8 : t9 : t10 : t11) 01
(1 : t4 : t7 : t12 : t13) 4 (1 : t : t4 : t5 : t7 : t8 : t9) 02
(1 : t4 : t9 : t14 : t15) 4 (1 : t3 : t4 : t5 : t7 : t8 : t9) 02
(1 : t4 : t9 : t10 : t11 : t15) 4 (1 : t4 : t5 : t6 : t8 : t9 : t10) 02
(1 : t5 : t7 : t8) 4 (1 : t2 : t5 : t7 : t8 : t9 : t10) 11
(1 : t6 : t7 : t8 : t9 : t10) 4 (1 : t2 : t6 : t7 : t8 : t9 : t10) 11
genus 8
(1 : t4 : t10 : t13 : t14 : t15) 4 (1 : t2 : t4 : t5 : t6 : t8 : t9 : t10) 00
(1 : t6 : t8 : t11 : t13 : t14 : t15) 4 (1 : t : t3 : t5 : t6 : t7 : t8 : t9) 01
(1 : t6 : t8 : t9 : t12 : t13) 4 (1 : t : t4 : t6 : t7 : t8 : t9 : t10) 01
(1 : t6 : t9 : t10 : t13 : t14 : t16 : t17) 4 (1 : t3 : t4 : t6 : t7 : t8 : t9 : t10) 01
(1 : t6 : t8 : t10 : t11 : t14 : t15) 4 (1 : t4 : t6 : t8 : t9 : t10 : t11 : t12) 01
(1 : t6 : t9 : t10 : t11 : t13 : t14) 4 (1 : t5 : t6 : t8 : t9 : t10 : t11 : t12) 01
(1 : t6 : t9 : t10 : t11 : t12 : t13) 4 (1 : t6 : t7 : t9 : t10 : t11 : t12 : t13) 01
(1 : t6 : t9 : t11 : t14 : t15 : t16) 4 (1 : t2 : t3 : t5 : t6 : t7 : t8 : t9) 02
(1 : t5 : t9 : t12 : t13 : t15 : t16) 4 (1 : t3 : t4 : t5 : t7 : t8 : t9 : t10) 02
(1 : t4 : t7 : t16 : t17) 4 (1 : t3 : t4 : t7 : t8 : t10 : t11 : t12) 02
(1 : t5 : t8 : t14 : t16 : t17) 4 (1 : t3 : t5 : t6 : t8 : t9 : t10 : t11) 02
(1 : t5 : t9 : t11 : t13 : t16 : t17) 4 (1 : t4 : t5 : t6 : t8 : t9 : t10 : t11) 02
(1 : t5 : t6 : t13 : t14) 4 (1 : t4 : t5 : t6 : t9 : t10 : t11 : t12) 02
(1 : t5 : t9 : t11 : t12) 4 (1 : t5 : t6 : t7 : t9 : t10 : t11 : t12) 02
(1 : t5 : t6 : t12 : t13) 4 (1 : t5 : t6 : t7 : t10 : t11 : t12 : t13) 02
(1 : t4 : t9 : t14 : t15) 4 (1 : t : t4 : t5 : t6 : t8 : t9 : t10) 11
(1 : t5 : t7 : t13 : t15 : t16) 4 (1 : t2 : t3 : t5 : t7 : t8 : t9 : t10) 11
(1 : t5 : t7 : t8 : t9) 4 (1 : t2 : t5 : t7 : t9 : t10 : t11 : t12) 11
(1 : t4 : t10 : t11 : t16 : t17) 4 (1 : t4 : t6 : t7 : t8 : t10 : t11 : t12) 11
(1 : t4 : t9 : t10 : t11) 4 (1 : t4 : t7 : t8 : t9 : t11 : t12 : t13) 11
(1 : t4 : t11 : t13 : t14) 4 (1 : t : t3 : t4 : t5 : t7 : t8 : t9) 12
(1 : t5 : t8 : t12 : t13 : t14) 4 (1 : t2 : t4 : t5 : t7 : t8 : t9 : t10) 12
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Note that the gonality of each such a curve is 4, which, as in Section 3, is not a
particular fact as one can see from the statement of the result below.
Theorem 5.1. The canonical model of a rational monomial curve C, with a unique
singular point, lies on a 3-fold scroll but not on surface scroll if and only if gon(C) =
4.
Proof. Let C′, S, K and A be as in the proof of Theorem 3.3. Assume first that
C′ lies on a 3-fold scroll but not on a surface scroll. By Lemma 3.2, there is a
partition of A into three subsets, say A1, A2 and A3 where the first has 0 as an
element and the third has γ − 1, and all three form an arithmetic progression with
the same common difference. Denote by r is this common difference. If r = 1, then
necessarily
A1 ={0, 1, 2, . . . , a}
A2 ={b, b+ 1, b+ 2, . . . , c}
A3 ={γ − α+ 1, γ − α+ 2, γ − α+ 3, . . . , γ − 1}
and one can check that
S = {0, α, α+1, α+2 . . . , γ− c− 1, γ− b+1, γ− b+2, γ− b+3, . . . , γ−a− 1, β →}
Now set
F := OC〈1, t〉
We have that F has degree 1 at ∞ and 0 elsewhere but P . Moreover,
FP = kt⊕ ktγ−c ⊕ ktγ−a ⊕OP
hence dim(FP /OP ) = 3 and deg(F) = 4. Hence gon(C) ≤ 4. It has to be 4,
because otherwise C′ would lie on a surface scroll by Theorem 3.3.
If r = 2, write
A1 = {0, 2, 4, . . . , a}
A2 = {b, b+ 2, b+ 4, . . . , c}
A3 = {d, d+ 2, d+ 4 . . . , e}
with b < d. We may assume α ≥ 3. But if α ≥ 3, then γ − 1, γ − 2 ∈ K. We will
consider two cases.
Case 1. γ is even.
If so, e = γ − 1. If a = γ − 2, then all even numbers are in K, b and d are odd,
and, also, all positive even numbers smaller than γ are not in S since the symmetric
element γ − i is even for any even integer i; so α is odd. Besides α > γ/2 since 2α
is even, and no positive even numbers are in S∗, so 2α > β. Moreover, γ−α is odd
and is not in K, so d = γ − α+ 2 and c < γ − α. One sees that
(41) S∗ = {0, α, α+2, α+4, . . . , γ−c−2, γ−b+2, γ−b+4, γ−b+6, . . . , β−2, β}
Now set
(42) F := OC〈1, t2〉
We have that F has degree 2 at ∞ and 0 elsewhere but P . Moreover,
FP = kt2 ⊕ ktγ−c ⊕OP
hence dim(FP /OP ) = 2 and deg(F) = 4. Therefore gon(C) ≤ 4 which, as seen
above, is enough for our purposes.
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If a 6= γ − 2, all odd numbers are in K, b is even and d is odd, and, also, all
positive odd numbers smaller than γ are not in S, so α is even. We claim that
α > γ/2. In fact, otherwise, since γ−α, which is not in K, is even, implies α ∈ A1;
besisdes, γ − α < nα < γ − 1 for a certain integer n, so γ − nα < α is not in K,
which contradicts the fact that α ∈ A1 and this proves the claim. Hence
(43) S∗ = {0, α, α+ 2, α+ 4, . . . , γ − a− 2, β}
Taking F as in (42), we have that F has degree 2 at ∞ and 0 elsewhere but P .
Moreover,
FP = kt2 ⊕ ktγ−a ⊕OP
hence dim(FP /OP ) = 2 and deg(F) = 4.
Case 2. γ is odd.
If a = γ− 1, then all even numbers are in K, b and d are odd, and, also, all positive
odd numbers smaller than γ are not in S; so α is even. In this case there is no
restriction to α compared to γ/2 and one can check that S∗ can be written exactly
as in (41).
If a 6= γ − 1, all odd numbers are in K, b is even and d is odd, and, also, all
positive even numbers smaller than γ are not in S; so α is odd. Besides α > γ/2
since 2α > γ, and S∗ can be written exactly as in (43). Therefore one may use (42)
to compute gonality 4.
To prove sufficiency for r = 3, we may assume α ≥ 4. In fact, if α = 1 the
C = P1 which has gonality 1, if α = 2, C is hyperelliptic, and if α = 3, then
O〈1, t3〉 computes gonality 3 for C. In all cases, C′ lie on a surface scroll owing to
Theorem 3.3. Therefore, γ− 1, γ− 2, γ− 3 are in K and belong to different subsets
of the partition of A and, in particular, all multiples of 3 smaller than γ are in K.
We have three options: γ = 3n, γ = 3n+ 1 or γ = 3n+ 2 for n ∈ N. If γ = 3k, the
symmetric of a multiple of 3 is a multiple of 3 as well, thus no multiples of 3 are in
S∗. If b (resp. d) is the first positive integer in S congruent to 1 (resp. 2) mod 3,
it is easily seen that
S∗ = {0, b, b+ 3, b+ 6, . . . , γ − 2} ∪ {d, d+ 3, d+ 6, . . . , γ − 1} ∪ {β}
Set F := OC〈1, t3〉, then F has degree 0 elsewhere but at P and ∞, where it has
degree 3. Besides FP = kt3⊕OP , so F has degree 1 at P and deg(F) = gon(C) = 4.
If γ = 3n+ 1 or γ = 3n+ 2 for n ∈ N, the proof is analogous.
Now, if r > 3, we may assume α ≥ 5, because if α = 4, then F := OC〈1, t4〉 has
degree 4 and that is what we need. So if α ≥ 5, then γ − 1, γ − 2, γ − 3, γ − 4 ∈ K
and they are in different subsets of the partition of A, but this cannot happen.
Conversely, assume gon(C) = 4 and let us prove that C′ lies on a threefold scroll
but not on a surface scroll. By [FM, p. 10], the gonality of C is computed by a
sheaf
F := O〈1, tn〉
for some nonzero n ∈ Z. Note that
(44) deg∞ F =
{
n if n > 0
0 if n ≤ 0
besides,
(45) degP (F) = #(v(FP ) \ S) = #{s ∈ S | s+ n 6∈ S}
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and the degree of F vanishes elsewhere. In particular, if n is positive, then 1 ≤ n ≤ 4
since C has gonality 4.
For the remainder we will analyze the possibilities for S according to each n. For
this, we will split the semigroup into blocks of consecutive integers, that is, write
S = {0} ∪B1 ∪ . . . ∪Bb ∪ {n ∈ N |n ≥ β}
where
Bi = {si, si + 1, . . . , si + li}
with si + li + 1 6∈ S and also si < sj if i < j. That is, Bi is the i-th block of
consecutive integers in S, and b is the number of blocks of positive integers in S
smaller than the conductor β.
Case 1. n = 1.
If so, F = O〈1, t〉, deg∞(F) = 1 and thus degP (F) = 3. From (45) it is easily seen
that degP (F) = b+ 1, so b = 2, that is, S has two blocks.
To compute K∗ by means of S∗ we draw a picture in the following way:
(a) each number from 0 to γ corresponds to a circle;
(b) in the first row, one goes from 0 to ⌊γ/2⌋ ordered from left to right;
(c) in the second row, one goes from ⌈γ/2⌉ to γ ordered from right to left;
(d) the elements of S are black, the ones of K \ S are double-circled, and the
remaining numbers are white.
In other words, the picture is sketched in a way that a and γ − a are in the same
column, for any a, so that K∗ can be easily computed. Just note also that a and
γ − a cannot be both in S, otherwise γ would be in S, which cannot happen.
There are two possibilities for S∗ (and K∗). The first one is
t
0
❞❛ ❵ ❵ ❵ ❞❛ ❞ ❵ ❵ ❵ ❞ ❞❛ ❵ ❵ ❵ ❞❛ t
s1
❵ ❵ ❵ t
s1 + l1
❞❛ ❵ ❵ ❵ ❞❛
❞
γ
❞❛ ❵ ❵ ❵ ❞❛ t
s2 + l2
❵ ❵ ❵ t
s2
❞❛ ❵ ❵ ❵ ❞❛ ❞ ❵ ❵ ❵ ❞ ❞❛ ❵ ❵ ❵ ❞❛
Therefore we can split K∗ into three subsets with common difference 1, namely:
A1 = {0, 1, . . . , γ − (s2 + l2 + 1)}
A2 = {γ − s2 + 1, γ − s2 + 2, . . . , γ − (s1 + l1 + 1)}
A3 = {γ − s1 + 1, γ − s1 + 2, . . . , γ − 1}
so C′ lies on a threefold scroll.
The second possibility is
t
0
❞❛ ❵ ❵ ❵ ❞❛ ❞ ❵ ❵ ❵ ❞ ❞❛ ❵ ❵ ❵ ❞❛ ❞ ❵ ❵ ❵ ❞ ❞❛ ❵ ❵ ❵ ❞❛
❞
γ
❞❛ ❵ ❵ ❵ ❞❛ t
s2 + l2
❵ ❵ ❵ t
s2
❞❛ ❵ ❵ ❵ ❞❛ t
s1 + l1
❵ ❵ ❵ t
s1
❞❛ ❵ ❵ ❵ ❞❛
and again we split K∗ into three subsets with common difference 1, which coincide
with A1, A2, A3 above, so C
′ lies on a threefold scroll once more.
Case 2. n = 2.
If so, F = O〈1, t2〉, deg∞(F) = 2 and thus degP (F) = 2. For the remainder set
E := {s+ 2 6∈ S | s ∈ S}
and recall, from (45), that
2 = degP (F) = #(E)
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Note that 2 ∈ E. Besides, if there exists a block Bj = {sj , sj +1, . . . , sj + lj} ⊂ S∗
with lj ≥ 1, then sj + lj + 1 ∈ E. Therefore, there is at most one such a block,
and we must have sj ≥ ⌈γ/2⌉ otherwise, there would exist another block Bm with
lm = 2lj. Moreover, si + li + 2 ∈ S for all i. Finally, s1 > ⌈γ/2⌉, otherwise γ ∈ S,
which cannot happen, and s1 + 2i ∈ S for every i ∈ N. So, if there is a block with
more than one element, the generic picture is
t
0
❞ ❞❛ ❞ ❞❛ ❵ ❵ ❵ ❞ ❞❛ ❞ ❵ ❵ ❵ ❞ ❵ ❵ ❵ ❞❛ ❞ ❞❛ ❞ ❵ ❵ ❵ ❞❛
❞
γ
t ❞❛ t ❞❛ ❵ ❵ ❵ t ❞❛ t
sj + lj
❵ ❵ ❵ t
sj
❵ ❵ ❵ ❞❛ t ❞❛ t
s1
❵ ❵ ❵ ❞❛
Therefore we can split K∗ into three subsets with common difference 2, namely:
A1 = {0, 2, . . . , γ − (sj + lj + 1)}
A2 = {γ − sj + 1, γ − sj + 3, . . . , γ − 1 or γ − 2}
A3 = {γ − s1 + 2, γ − s1 + 4, . . . , γ − 1 or γ − 2}
so C′ lies on a threefold scroll.
If all the blocks have just one element, then there exists a unique sj such that
sj + 2 6∈ S, and the generic picture is
t
0
❞ ❞❛ ❞ ❞❛ ❵ ❵ ❵ ❞ ❞❛ ❵ ❵ ❵ ❞❛ ❞ ❵ ❵ ❵ ❞❛ ❞ ❞❛ ❞ ❵ ❵ ❵ ❞❛
❞
γ
t ❞❛ t ❞❛ ❵ ❵ ❵ t
sj+1
❞❛ ❵ ❵ ❵ ❞❛ t
sj
❵ ❵ ❵ ❞❛ t ❞❛ t
s1
❵ ❵ ❵ ❞❛
Therefore we can split K∗ into three subsets with common difference 2, namely:
A1 = {0, 2, . . . . . . , γ − sj − 2 or γ − 1 or γ − 2}
A2 = {γ − sj+1 + 2, γ − sj+1 + 4, . . . . . . , γ − sj − 2 or γ − 1 or γ − 2}
A3 = {γ − s1 + 2, γ − s1 + 4, . . . . . . , γ − 1 or γ − 2}
so C′ lies on a threefold scroll.
Case 3. n = 3.
If so, F = O〈1, t3〉, deg∞(F) = 3 and thus
1 = degP (F) = #(E := {s+ 3 6∈ S | s ∈ S})
We may assume α ≥ 4, otherwise deg(F) = 3 and C is trigonal. Therefore 3 ∈ E.
This forces that s + 3 ∈ S for every s ∈ S \ {0}, so the blocks Bi have at most 2
elements. Let Bj be the first block with 2 elements. Clearly, sj ≥ ⌈γ/2⌉ otherwise,
there would exist another block 3 elements. The generic picture for this case is
t
0
❞ ❞ ❞❛ ❵ ❵ ❵ ❞ ❞ ❞❛ ❞❛ ❞ ❵ ❵ ❵ t
s1
❞❛ ❞ ❵ ❵ ❵ t ❞❛ ❞
❞
γ
t t ❞❛ ❵ ❵ ❵ t t
sj
❞❛ ❞❛ t
sj−1
❵ ❵ ❵ ❞ ❞❛ t ❵ ❵ ❵ ❞ ❞❛ t
and we can split K∗ into three subsets with common difference 3, namely:
A1 = {0, 3, . . . , γ − 1 or γ − 2 or γ − 3}
A2 = {γ − sj + 2, γ − sj + 4, . . . , γ − 1 or γ − 2 or γ − 3}
A3 = {s1 or sj−1 ± 1, . . . , γ − 1 or γ − 2 or γ − 3}
so C′ lies on a threefold scroll. The case without any block with 2 elements is
similar.
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Case 4. n = 4.
If so, F = O〈1, t4〉, deg∞(F) = 4 and thus
0 = degP (F) = #(E := {s+ 4 6∈ S | s ∈ S})
Note again that α ≥ 4 because otherwise C would be trigonal. So actually α = 4
since E = ∅, then every multiple of 4 is in S. Let a be such that γ ≡ a (mod 4).
Clearly, γ is not a multiple of 4, hence one may write {1, 2, 3} = {a, b, c}. We have
that S∗ admits at most two elements, say b′ and c′, for which b′ ≡ b (mod 4) and
c′ ≡ c (mod 4). We will consider three cases. The first one is where such b′ and c′
do not exist. If so, we can split K∗ into three subsets with common difference 4,
namely:
A1 = {0, 4, 8, . . . , γ − a}
A2 = {b, b+ 4, b+ 8, . . . , γ − c}
A3 = {c, c+ 4, c+ 8, . . . , γ − b}
so C′ lies on a threefold scroll.
If there is such a b′, but no c′ in S∗, then we can split K∗ into three subsets with
common difference 4, namely:
A1 = {0, 4, 8, . . . , γ − a}
A2 = {c, c+ 4, c+ 8, . . . , γ − b}
A3 = {γ − b′ + 4, γ − b′ + 8, . . . , γ − c}
so C′ lies on a threefold scroll.
Finally, if there are such b′ and c′ in S∗, then we can split K∗ into three subsets
with common difference 4, namely:
A1 = {0, 4, 8, . . . , γ − a}
A2 = {γ − b′ + 4, γ − b′ + 8, . . . , γ − c}
A3 = {γ − c′ + 4, γ − c′ + 8, . . . , γ − b}
so C′ lies on a threefold scroll.
Now, if n < 0, for the sake of convenience, write n = −m. Since deg∞F = 0,
we have that
4 = degP (F) = #(E := {s ∈ S | s−m 6∈ S})
Besides, −m and γ are in E, so
(46) 2 = #(E \ {−m, γ})
Now consider the set B := {b ∈ N | γ −m+ 1 ≤ b ≤ γ − 1}. First we claim that
(47) #(B ∩ S) ≥ m− 3
In fact, the integers from γ+1 to γ+m− 1 are all in S since γ+1 is the conductor
of S. Hence any element of B can be written as s −m for a certain s ∈ S; since
#(B) = m − 1, we may use (46) to conclude that #(B ∩ S) ≥ (m − 1) − 2 and
the claim follows. On the other hand, if b ∈ B ∩ S is such that m ∤ b, then clearly
b− rm ∈ E \ {−m, γ} for a certain r. Hence we may refine (47) as
(48) #(B ∩ S) ≥ m− 3 + #({b ∈ B ∩ S |m ∤ b})
but this clearly implies that m ≤ 4. Indeed, if m ≥ 5 then, by (47), we have
that #(B ∩ S) ≥ 2, so there is a nonmultiple of m in B ∩ S. But by (48), actually,
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#(B∩S) ≥ 3, and one finds at least two nonmultiples ofm in B∩S so #(B∩S) ≥ 4.
This yields at least three nonmultiples of m in B ∩ S and using (48) once again we
have that #(B ∩ S) ≥ m > #(B), which is a contradiction.
Thus n ≥ −4, and we leave to the reader verifying that the possible semigroups
for the cases where n is −1, −2, −3 and −4 are, respectively, the same as those
corresponding to the case n is 1, 2, 3 and 4, which were already analyzed. 
The results on rational monomial curves suggest that maybe is worth pursueing
the question whether the geometric characterization of gonality by means of scrolls
can pass from canonical curves to non-Gorenstein ones. This would certainly in-
volve a careful study of syzygies, though the reader should note the difficulty of
adapting the arguments of, for instance, [Sc, CE, BS] when the dualizing sheaf of
the curve fails to be a bundle. Rather, here we’ve combined two completely dif-
ferent techniques, namely, intersection theory along with semigroup of values, as a
somewhat initial approach to this problem.
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